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Higher  intensifies are obtained with an annular  
suI~ace in the form of a single bent  crystal  or powder 
layer acting as monochromator  or goniometer (Bren- 
tano 1917, 1919). For  small angles its resolution is 
limited. 

The use of short  wavelengths  for small-angle 
diffraction does not  need a n y  special discussion: i t  
only requires sufficiently extended cameras.  We found 
it essential to operate wi th  evacua ted  ins t ruments  in 
order to avoid dis turbance by  air scatter.  

References 
BRENTANO, J .  C. ~I. (1917). Arch. Sci. phys. nat. 44, 66. 
B~E~TANO, J .  C. M. (1919). Arch. Sci. phys. nat. 1, 550. 
B~E~TANO, J .  C. M. (1925). Proc. Phys. Soc. 37, 184. 
B~ENTANO, J.  C. M. (1935). Proc. Phys. Soc. 47, 932. 
BRENTA~O, J .  C. M. (1946). J. Appl. Phys. 17, 420. 
BRENTANO, J .  C. M. (1949). J. Appl. Phys. 20, 1215. 
BRENTANO, J.  C. ]~I. & LADA~', I.  (1953). Phys. Rev. 92, 

850. 
BRENTANO, J . C . M .  & LADA~'~Y, I. (1954). Rev. Sci. 

Instrum. 25, 1028. 

Acta Cryst. (1955). 8, 661 

The Crystal and Molecular Structure of Orthorhombic  Sulfur* 

BY S. C. AB~A~A~St 

Laboratory for Insulation Research, Massachusetts Institute of Technology, Cambridge, Massachusetts, U.S.A. 

(Received 7 June 1955) 

The lattice constants of orthorhombic sulfur have been determined as a = 10.4374-0.010, b = 
12.845± 0.010, c = 24.369± 0.010 A. Using Me Ka radiation, and both Weissenberg and precession 
cameras, 669 out of a possible 1046 structure factors have been measured. Warren & Burwell's 
approximation to the structure was refined first by double Fourier series, and then by repeated 
least-squares analyses, using all the measured structure factors. The coordinates thus obtained, 
after the least-squares method had completely converged, were used in evaluating a triple Fourier 
series. The arithmetic mean of the coordinates obtained by the triple-Fourier-series method cor- 
rected for series-termination errors, and the final least-squares analysis, correspond to an Ss mole- 
cule in which the mean S-S bond length is 2.037±0.005/k, the mean S-S-S bond angle is 
107 ° 48'___25' and the mean dihedral angle is 99 ° 16'±31'.  There are no unusual intermolecular 
contacts. The dimensions in the S s molecule are briefly discussed in terms of other recent determina- 
tions on sulfur compounds. 

1. Introduct ion 

The crysta l  s t ructure  of or thorhombic  sulfur was first  
determined by  War ren  & Burwell  (1935) and found to 
consist of symmetr ica l ly  puckered Ss ring molecules. 
Using an elegantly simple method  for reducing the 
number  of positional paramete rs  in the  problem from 
12 to 2, these paramete rs  were refined by  the  trial- 
and-error  method  unti l  sa t i s fac tory  agreement  was 
obtained between the  42 observed and  calculated 
in tensi ty  ampli tudes.  The resulting a r rangement  led 
to an  average S-S bond length of 2 .12/~  and a S - S - S  
bond angle of 105.4 ° . 

A re-examinat ion  of W a r r e n  & Burwell 's  s t ruc ture  
was made  by  Ventriglia (1951), who confirmed the  
original solution to be correct by  the  use of double 
Pa t t e r son  series. He  also suggested t h a t  the  S-S bond 
distances are about  2.1 /~ and  the  S - S - S  bond angles 
about  105 ° . 
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The impor tance  of an  accura te  knowledge of this 
S-S bond distance to current  discussion concerning the  
presence of double-bond charac ter  in similar bonds, 
suggested t h a t  a new invest igat ion be under taken .  
Accordingly, all the  reflections observable with molyb- 
denum radia t ion  have  been measured,  and  the  re- 
sulting 669 s t ruc ture  factors  were used in three- 
dimensional  least-squares analyses and  triple Fourier  
series to determine the  positional parameters .  

2. Crystal  data 

Orthorhombic  sulfur, Ss; mol. wt.  256.53; t ransforms 
at  95.5 ° C. to monoclinic sulfur and melts  a t  118.95 ° C. ; 
Debt.=2"069 g.cm. -a (Batuecas & Losa, 1951); Dealt.= 
2-085 g.cm. -3. The latt ice constants  were redetermined 
using precession photographs  corrected for film shrink- 
age; the  or thorhombic uni t  cell had  

a = 10.437+0.010, b - -  12.845±0.010 and  
c = 24.36910.010 J~ 

(Warren  & Burwell 's  values were 10.48, 12.92 and 
24-55 h,); (hkl) present  only when h + k ,  k+ l ,  l÷h=2n; 

45* 
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(Okl) only when k+l  = 4n; (hOl) only when h+l = 4n; 
(hk0) only when h+k = 4n. Space group, D2~-Fddd.94 
Sixteen molecules per unit cell. l~Iolecular symmetry  
required, C~. Absorption coefficient for Me Kc~ X 
radiation ()l = 0-7107/~) = 20.7 cm.-L Volume of the 
unit  cell, 3266.9 A a. Total number of electrons per 
unit cell, iv(000) = 2048. 

3. Intensity m e a s u r e m e n t s  and preparation 

In  order to minimize the introduction of error due to 
absorption and to a sharp termination of the ex- 
perimental data, Mo K a  radiation was used for all 
measurements. Small, regular-shaped crystals were 
grown from carbon disulfide solution, and found to be 
quite stable under X irradiation for many  weeks. 
A precession and a modified equi-inclination Weissen- 
berg camera (Abrahams, 1954) were employed to 
obtain the photographic records. Visual intensity 
measurements were made using both multiple-ex- 
posure and multiple-film methods. In  the latter, sheets 
of 1-mil nickel foil were interleaved between films 
(Ilford 'Industrial-G' was used almost exclusively), 
and the resulting intensity reduction in an X-ray beam 
passing through one thickness of film and foil was 
determined to be 3.4:1 by  Geiger-counter measure- 
ment. Five crystals were used, varying in size from 
0.12×0.12×0.25 ram. to 0.30×0.15×0.30 mm. The 
ratio of the strongest to the weakest intensity in any 
layer was about 1000:1. The entire reciprocal lattice 
was explored by recording the intensities of the 
hkO, hkl, hk2, hk3 and hk4 layers with a precession 
camera, and the h0/, hll, h21, h31, h4l, h51, h61, h7l, 
Okl, lkl, 2kl, 3kl, 4kl, 5kl, 6kl, 7kl, 8kl, hhl, h - l , h +  l,1 
and h-2,h+2,1 layers with a Weissenberg camera. 

Intensities measured on the precession-camera film 
were corrected for the Lorentz and polarization factors 
using the charts of Waser (1951) and of Grenville- 
Wells & Abrahams (1952), and those on the Weissen- 
berg films by  the usual Lorentz and polarization fac- 
tors, and by  the Tunell (1939) rotation factor. Absorp- 
tion corrections were not made in view of the small 
crystals and their approximation to a spherical shape. 
After the intensities in each layer had been reduced to 
structure factors, they  were placed on the same scale 
by using reflections common to each pair of layers; 
269 of these structure factors were observed once only, 
307 were observed twice, 80 were observed three 
times, and 13 were observed four times. In the 400 
cases where a given structure factor was measured 
more than once, the mean value was taken. These 
observed values for the structure factors are given 
in Table 9. 

The multiple observation of structure factors was 
used to obtain a measure of the error in the mean value. 
Whit taker  & Robinson (1944) showed tha t  if there are 
n observations of F~, the standard deviation in any 
one observation is 

where 

a(Fi) = [~7 (F -F~)9+  ( n -  1)]½, 
i 

i 

This relation clearly holds only for n large. When 
n = 2, 3, 4 the significance of a(Fi) becomes ra ther  
ambiguous. Nevertheless, a(/~i) was evaluated for all 
F(hkl)'s observed more than  once. The s tandard 
deviation in the structure factor was then found to be, 
approximately, a constant percentage of the structure 
factor, with a(F~)~0-071Fil. This relation is violated 
most for [F~[ < 100. 

4. Analysis  of the structure 

In  the space group $'ddd the general position is 32-fold. 
and four of the sulfur atoms in this crystal occupy this 
position. However, by  assuming the S s molecule to 
be a symmetrical puckered ring of chosen S-S bond 
length and S-S-S bond angle, only two parameters 
remain unknown. The molecule may  be regarded as 
consisting of two squares with one turned through 
45 ° with respect to the other; the  chosen bond dimen- 
sions then determine the length of the square side and 
the separation of the two planes of the squares. The 
center of this molecule lies on a 16-fold position having 
only the single parameter  z, and the remaining un- 
known is the angle made by the plane of the rings with 
the a axis. Having thus reduced this problem to one 
of two nnl~nowns only, Warren & Burwell (1935) 
approximately solved them b y  a consideration of the 
001 and hk0 reflections. Fur ther  refinement was then 
sought by  making small adjustments  in the atomic 
coordinates to give better agreement among the 42 
observed and calculated intensi ty  amplitudes, which 
include 14 hkl reflections. The resulting atomic co- 
ordinates are given in Table 1, which correspond to 

Table 1. Warren & BurweU's (1935) atomic coordinates 
for orthorhombic sulfur 

Or ig in  a t  222 O r i g i n  a t  c e n t e r  

x y z x y z 

S 1 0-983 0-083 0 .072 0 .858 0-958 0.947 
S 2 0-906  0.161 0-200 0-781 0 .036 0 .075 
S a 0-833 0 .105 0-125 0-708 0 .980 0 .000 
S 4 0-906 0 .028 0 .250 0.781 0.903 0-125 

the bond distances $1-S~=2-18, $4-S~=2.11, S1-Sa= 
2-07, $9-Sa=2.11 and S~-$4=2.12 A. The average 
S-S-S bond angle was 105-4 °. 

The x and z coordinates from Table 1 were then 
used to compute (hO1) structure factors (see § 5 for the 
atomic form factors used). The resulting value of 
R 1 = XI]Fo[-[Fc[]+~,[Fo] in this layer, using the ob- 
served structure factors in Table 9, was 0.31. After 
two Fourier-series projections, no further sign changes 
were observed, and the final series is shown in Fig. 1 (a). 
The coordinates obtained from Fig. l(a) correspond to 
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R z = 0"155. The z coordinates f rom Fig. l (a)  and  the  
y coordinates f rom Table  1 were then  used in Fourier-  
series projections along the  a axis to refine the  y 
coordinates,  and  two such projections gave Fig. l(b), 
wi th  all signs again  hav ing  ceased to change. Here  
R t = 0.217. The combined coordinates f rom Fig. l (a)  
and (b) are given in Table  2. The coordinates in Table 2 

were then  used to calculate the  hlcl s t ruc ture  factors,  
af ter  first  t ransforming  to an origin a t  the  center of 
symmet ry .  The agreement  fac tor  R 1 between the  669 
observed .F(hkl)'s and  the  corresponding set of cal- 
culated s t ruc ture  factors,  using the  second empirical  
a tomic scat ter ing curve (§ 5) a t  this initial stage in 
the  three-dimensional  work, was 0-258. 

Table 2. Atomic coordinates from Fourier-series 

S 1 
$2 
Sa 
$4 

projections along the a and b axes 
Origin at 222 

x y z 
0-9907 0-0810 0-0775 
0.9042 0-1549 0-2013 
0.8333 0-1122 0-1279 
0-9091 0.0326 0.2500 

c/2 

0 1 2 3 4 5A 
I . . . . , . . . . I . . . . n . . . . I . . . . I . . . . I . . . ,  h . . . I . . . . I , . . . |  

(a) 

c/2 

(b) 

Fig. 1. (a) Project ion of one-hag un i t  cell of orthorhombic 
sulfur along the 5. axis. Contours for atoms S9. and S a are 
at intervals of 4 e.-~-~; for atoms S z and S 4 the interval is 
8 e..£_ -2. The 4 e.A -9 line is broken. Origin at 222. 

(b) Projection of one-hag unit cell of orthorhombic sulfur 
along the a axis. All contours are at intervals of 8 e.A -2, 
the 8 e.J~ -2 line being broken. Origin at 222. 

Three-dimensional least-squares refinement 
The means  chosen for refining the  atomic pa ramete r s  

with all the  reflections observable using M o K ~  
radia t ion  was the  me thod  of least  squares (Whi t taker  
& Robinson, 1944; Hughes,  1941). I n  this me thod  all 
weights were initially placed equal. An examina t ion  
of various weighting schemes shows t h a t  this is not  the  
most  sa t i s fac tory  procedure,  and  in the  final use of 
the  me thod  of least  squares  the  most  appropr ia te  set 
of weights available was applied (see § 7). The 669 
observat ional  equat ions were reduced to 12 normal  
equat ions in the  usual  way,  and only t h e  coefficients 
of the  diagonal  te rms were evaluated,  hence deriving 
the  corrections (A~j) to be made  to the  atomic co- 
ordinates (~j), by  relat ions of the  form 

/1~ i ".~ I ( Whkl) ½" ~F (hkl) ]8 

~ [(Whkl)½ • oF(hkl)  AF(hkl)] = ~ j  " (o~hkl)½. , 

where AF(hkl)= Fo(hld)-Fc(hlcl), and C0hk~ is the 
weight assigned to each observation.  

The first  applicat ion of this method  produced a 
m a x i m u m  shift  in atomic coordinates of 0.10 A, and 
the  s t ruc ture  factors  calculated on the  basis of these 
corrected coordinates contained 26 with changed sign. 
The value of R z fell to 0.177. A second applicat ion 
produced only 3 changes in the  signs of s t ruc ture  fac- 
tors,  wi th  a m a x i m u m  coordinate correction of 0.02 A. 
A to ta l  of five applications of this technique was 
required before the  largest  value of A~ i < a(A~j), 

Table 3. Atomic coordinates of orthorhombic sulfur 
Origin at center 

A B C 
(Least squares) (Fourier series) (Arithmetic mean) 

x 0.8559 0-8549 0-8554 
S 1 y 0.9528 0.9523 0.9526 

z 0.9516 0.9516 0.9516 

x 0.7844 0.7843 0.7844 
S 2 y 0-0302 0.0299 0.0301 

z 0.0763 0.0762 0.0763 

x 0.7072 0.7065 0.7069 
S a y 0.9799 0-9791 0.9795 

z 0.0039 0.0041 0.0040 

x 0.7862 0.7861 0-7862 
S 4 y 0.9077 0.9069 0.9073 

z 0.1293 0.1286 0.1290 
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the standard error in tha t  A Sj (see § 10). The maximum 
values of A~- and a(A~i) after the final least-squares 
process were respectively 0.001 and 0.006 A. Rt then 
became 0.162. The corresponding set of atomic co- 
ordinates is given under A, Table 3. As a check on the 
validity of the diagonal approximation, the 78 dif- 
ferent coefficients in the twelfth-order symmetric 
determinant were evaluated, and the corrections A~j 
obtained using all the terms in the normal equations. 
The maximum change in column A was ~:0.0001. 

TriTle Fourier-series determination of atomic coordinates 
I t  was felt desirable to check the final coordinates 

obtained by  the least-squares method, using an in- 
dependent route. Two common alternatives were con- 
sidered: the differential synthesis and the triple 
Fourier-series methods. The former was not used since 
atomic centers need not necessarily coincide with 
electron-density maxima if the profile is as~anmetric. 
Since the final least-squares coordinates were, at 
worst, very close to the true coordinates, the electron 
density along lines parallel with each axis and passing 
through these coordinates was computed, i.e. 
~(xj+Ax,  yj, z~), etc., was evaluated for known steps 
of A x, as in Fig. 2. 

a< 

o::I 
c' • 0.8559 " o :9 i2a  o:9'siC- 

,~" x y z 

20 L 
10~ 

Or ' ' '  0-9~$16 0.8559 0.9528 
x 0 Y 1A z 

t • . • , 

Fig. 2. E lec t ron-dens i ty  profile of a t o m  Sj along lines parallel  
w i th  the  a, b and  c axes. The  upper  profiles have  been com- 
p u t e d  wi th  Fmea~ as the  coefficients in t he  tr iple Four ie r  
series, the . lower  profiles wi th  ~'cale.. The  coordinates  m a r k e d  
are  those found  b y  the  least-squares  me thod .  

The center of gravi ty of this profile was taken as 
coincident with the atomic coordinate along the line 
of profile. Experience suggests ~hat coordinates oh. 
tained in this manner are insensitive to small dis- 
placements of these lines in directions parallel with 
the other two axes. Each atomic electron-density 
profile was evaluated twice, once with the observed 
structure factors and then with the structure factors 
calculated on the basis of the final least-squares co- 
ordinates as the coefficients in the triple Fourier 
series. Corrections could thus be made in the usual way 
[~¢o=. = ~obs.+(~ob~.--~¢~.)] for errors introduced into 
the triple Fourier series using the observed F(hkl) 

values, due to series termination. The corrected set 
of atomic coordinates thus obtained is given under B. 
Table 3. 

5. A t o m i c  f o r m  factors  

James & Brindley's (1931) atomic form factor for 
sulfur was used at first, modified by  a temperature 
factor B=3.25 A_ 2 in the expression exp [-B(sinO/2)2]. 
This value was obtained by a consideration of the 
limiting value of sin0/;t at  which (hO1) reflections 
ceased to be observable. Structure factors, based upon 
this temperature-factor-modified curve together with 
the atomic coordinates in Table 1, hence permitted 
the observed structure factors to be placed upon a 
scale close to absolute. With this scale a first empirical 
atomic-scattering-factor curve was derived, using the 
relation 

f(hOl) = Fo(hO1)+ 32 ~ cos 2rehxj. cos 2rdz;. 
J 

The values of f(hO1) thus obtained were plotted aga ins t  
2 sin 0, and a mean value of f was found for each 
interval of 2 sin 0 = 0.1. A smooth curve was then 
drawn through these mean values; this is the form 
factor used in obtaining Rl(hOl ) -= 0.31 in § 4. 

All the observed structure factors were then placed 
on the same scale as the final set of observed (hO1) 
and (0kl) structure factors after completion of the 
double l~ourier-series refinement process. A second 
empirical atomic form-factor curve was then derived 
by  placing f (hkl) = Fo(hkl ) + G(hkl), where G(hkl), the 
geometrical part  of the calculated structure factor, 
was used only if greater than 10 (maximum value is 
128), and was based upon the coordinates in Table 2. 
A smooth curve was drawn, as described previously. 

After three least-squares cycles had been completed, 
a third and final f curve was derived. The absolute 
scale was this time determined by  Wilson's (1942) 
method, and the previous scale was found to be 5-1 To 
too high. After adjustment  to the Wilson scale, the 
new f c.urve was extracted in the same way as the 
second empirical curve, the atomic coordinates from 
the third least-squares process being used to compute 

I0 

5 

J 
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Fig. 3. Atomic-sca t te r ing- fac tor  curves  for sulfur.  
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G(hkl). Since the absolute scale was not directly 
measured by an absolute experimental method, it is 
possible tha t  the final scale of the f curve reproduced 
in Fig. 3 might be in error. Such an error is thought  
to be not more than  about 5 %. The true temperature 
factor to be applied to the James & Brindley atomic- 
scattering-factor curve was derived simultaneously 
with the absolute scale by Wilson's (1942) method and 
was found to be 3.46 j~2. For comparison, the James 
& Brindley fs  curve (with B = 3.25 A 2) and also the 
empirical fs curve found by Cox, Gillot & Jeffrey 
(1949) for thiophthene are given in Fig. 3. 

6. A n i s o t r o p y  in the  t h e r m a l  v i b r a t i o n s  

The empirical scattering curve (Fig. 3) used in 
the final determination of the atomic coordinates 
gives a measure of the amplitude of X-ray scatter- 
ing by the sulfur atoms undergoing certain ther- 
mal vibrations. The absolute value of the ampli- 
tude of this vibration has not been determined, 
but  has been assumed equal in all directions. The 
validity of assuming isotropic thermal motion may 
be tested by replacing f(hkl) for each j t h  atom by 
f(hkl) exp-[0¢./~2+flik2+y~l 2] (James, 1948). In this 
expression, ~], fli and ~,j are corrections to the overall 
temperature factor implicit in the curve of Fig. 3 for 
each j t h  atom in directions parallel with the a, b and 
c axes, respectively. The structure-factor expression 
thus becomes 

F(hkl) = f (hkl) Z, G i(hkl) exp - [~/h ~ + fl/k 2 + ~/12] . 
J 

Evaluation of these corrections was made by the 
method of least squares, using the coordinates under A, 
Table 3. I t  was assumed that ,  to a close approxima- 
tion, the values of ~i, fli, ~J are  independent of further 
changes in the/l~. /s .  Diagonal terms only of the form 

z [F F(hkl)] j = r 

were computed, and resulted in the values given in 
Table 4. The standard deviations in these corrections 

Table 4. Vahees of the corrections to the empirical 
isotropic temperature factor 

s 1 -0.00010 -0.00069 -0.00013 
S 2 --0.00025 --0.00022 --0.00003 
S a --0.00027 --0.00008 --0.00008 
S~ --0.00030 +0-00009 --0.00005 

had the following average values: 

a(aj) = 0.0005, a(flj) = 0.0003 and a(~)  = 0.0003, 

which are very similar to the actual values observed 
in Table 4. Nevertheless, these values were used in 
computing a new set of structure factors. This set 

changed R 1 from 0.162, corresponding to the co- 
ordinates under A, Table 3, to 0.161. The scarcely 
significant reduction in R~, together with the magni- 
tude of the s tandard deviation in ~ ,  fl# ~,j, suggest 
tha t  indeed there is an isotropic and equal thermal 
motion for each atom. A simple experimental ob- 
servation supporting this suggestion is tha t  in each 
Weissenberg photograph, for each layer recorded, 
there is a very uniform value of sin 0 at  which reflec- 
tions cease to be observable. 

7. T h e  w e i g h t i n g  fac tor  

In  the correct use of the method of least squares, 
each observation should be properly weighted so that  
each equation of condition possesses unit weight. 
Each weight is proportional to the square of the 
modulus of precision of the observation, h(F) (Whit- 
taker & Robinson, 1944, p. 223). Further,  a ( F ) =  
1/[~2.h(F)], and hence by computing the s tandard 
error in each structure factor, the correct weight 
should readily be assignable. However, in most crystal- 
structure determinations a(F) cannot properly be 
obtained, owing to the small experimental sampling 
of the value of each structure factor. Various alter- 
native weighting schemes are possible, and several are 
examined here. In  all the following schemes the co- 
ordinates under A, Table 3, were used in evaluating 
Fc, and hence the /IF(hkl) terms required in the 
equations of condition: 

(a) All weights were taken equal to unity. 
(b) Each weight was taken as {1/~2(~[F(hkl)]} 2, where 

(~[F(hkl)] is the average value of the s tandard 
error for each structure factor and was obtained 
from a smooth curve (a[F(hkl)] ~_O.07[F(hkl); 
drawn through the 400 experimentally estimated 
a[F(hkl)] values. 

(c) Si ,  ce the variation of a[F(hkl)] with [F(hkl)l given 
in (b) is most violated for IF(hkl)[ < 100, the 
weights in (b) were retained only for ]F(hkl)[> 100, 
and, for IF(hkl)l ~ 100, (e0hk~)½ was kept con- 
s tant  at  0.100. This is the value of (WhkZ) ½ ob- 
tained from (b) for [F(hkl)[ = 100. 

(d) The weights of (b) were again used for 
[F(hkl)l > 100, and, for the remaining observa- 
tions, (w/,~.z) ½ was made directly proportional to 
[F(hkl)[, so that  (o~/~ 1) ½ = [F(hkl)] + 1000. 

The results of these four weighting procedures are 
summarized in Table 5. 

I t  is evident from Table 5 tha t  the procedure in 
which all weights are placed equal to uni ty  gives the 
largest errors in the individual bond lengths, assuming 
tha t  all the S-S bonds are equal. The best of these 
weighting methods is (c), and this is the method used 
to obtain the coordinates in Table 3, column A. 
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Table 5. Variation of bond lengths with weighting 
procedure 

(a) (b) (c) (d) 

S~-S 3 2.044 .~ 2.033 .~ 2"038 _~ 2.049 
$ 2 - 8  3 2.047 2.040 2-044 2-047 
Ss-S  4 2-029 2-046 2 .036 2.037 
S~-S~ 2.027 2 .024 2-037 2 .043  
$4-S ~ 2.056 2.026 2 .036 2.036 

M e a n  S - S  2 .040 2.036 2.038 2-042 
Max .  diff .  0 .029 0.022 0.008 0-013 
a ( S - S ) *  0.008 0.007 0.007 0.007 

* T h i s  is t h e  s t a n d a r d  d e v i a t i o n  in  t h e  b o n d  l e n g t h  of  S ] - S  3, 
S~-S 3 a n d  $2-S 4. T h e  c o r l ~ s p o n d i n g  s t a n d a r d  d e v i a t i o n  in  
S1-S ~ and $4-S ~ is I/2 greater. 

8. Final coordinates 

The coordinates obtained from the final least-squares 
t rea tment  of § 7 are under ,4, Table 3; those from 
the triple Fourier-series method, corrected for finite 
termination of the series by  Booth's (1947) method, 
under B. These corrections were small with a maximum 
value of 0.007 ~ and a root-mean-square value of 
0-003 /~. The arithmetic mean (column C) of these 
two sets of coordinates is taken as the final set. Struc- 
ture factors, based on the arithmetic mean of the co- 
ordinates obtained by the method of least squares 
with weights of unity, and the triple Fourier-series 
method corrected for series termination, using the 
empirical atomic scattering curve in Fig. 3 and as- 
suming no anisotropy in the thermal vibrations, are 
given in Tabl6 9 under F~. The final value of R 1 for 
all the reflections given in Table 9 is 0.172. 

9. Molecular dimensions  

The coordinates under C, Table 3, correspond to the 
bond distances and angles in Table 6. 

t t 
Since the distances S~S1 and $4-$4, lie across a 

twofold axis, they  have only half the weight of the 
other three distances. Similarly, the angles S~-S1-S a 
and S~--S4-S 2 have half the weight of the other two 

Table 6. Bond distances and angles 
S t - S  ~ ---- 2.036 ,~, S ~ - S I - S  a ----- 108 ° 33" 
$4-S ~ = 2-031 Sa -S~-S  4 = 107 ° 33 '  
Sx-S a = 2-037 $1-$3-$9  = 107 ° 4" 
S~-S 4 = 2.034 S~-S4-S  2 = 108 ° 59" 
$2-S 8 = 2.043 

M e a n  S - S  = 2.037 A M e a n  S - S - S  = 107 ° 48 '  

angles. With these weights, the mean S--S distance is 
2.037 -~ and the mean S-S--S angle is 107 ° 48'. 

The Ss molecule in this crystal  may  be described 
as consisting of two 'squares'  formed by  atoms 
$1S2S3S~ and S~S2S3Sv with a distance of 0.99 .& be- 
tween their mean planes. One 'square' is turned 
through 45 ° with respect to the other, and their two 
planes are identically parallel. The average length of 
the side of the 'square' is 3.297 J~ and the average 
angle is 89 ° 59'; the individual lengths and angles are 
shown in Fig. 4. The atoms in the 'square'  have a 
r.m.s, deviation of 0.030 Jk from their mean plane. 

There are three different dihedral angles in this 
molecule, as given in Table 7. 

Table 7. Dihedral angles in Ss 

S l S s S 3 / S 2 S 3 S  4 = I00 ° 37"  

StS2SJSIS1S 8 = 98':' 45' 
S3S2S4/S2S4S~ = 9 8  ° 2 5 '  

The angles obtained using the primed atoms have 
only half the weight of the first angle. Hence the mean 
dihedral angle is 99 ° 16'. I t  m a y  be observed tha t  if 
this angle were 90 ° , the  distance between every fourth 
sulfur atom, keeping the average S-S distance and 
S-S-S angle in Table 6, would be 4-276 A, whereas 
$3-$3, for example, is 4.417 A. 

10. Uncertainties in the atomic  coordinates, bond 
lengths and angles  

The standard deviation in the corrections to the atomic 
coordinates is readily computed after the normal 

D r 4  

$ 2 ~  $2 

S,;, S4 
Fig.  4. D i m e n s i o n s  in t h e  S s mo lecu l e  in o r t h o r h o m b i e  su l fur .  
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equations have been evaluated in the least-squares 
process, using the relation (Whittaker & Robinson, 
1944) 

/ ~:v2 . ! (1) 
a(A~j) -- [ m - s  

where v is the residual, D the determinant formed by 
the coefficients of the normal equations, A n the 
minor determinant of the coefficient of the correction 
A~j., m the number of observational equations, and 
s the number of parameters. Equation (1) may be 
closely approximated by 

a(/l~i ) = [(m_s)_~mhkl[~F(hkl)/~i]e J , (2) 

and (2) was used in this work since it has already been 
demonstrated in § 4 that  the diagonal assumption 
introduces no appreciable error. The standard devia- 
tion of each coordinate in _~ngstrSm units was very 
nearly equal throughout. The standard deviation in 
the corrections produced by the first three-dimensional 
least-squares application was about 0.009 .~ per co- 
ordinate. The final corrections leading to Table 3, 
column A, had a standard deviation of about 0.0051/~ 
per coordinate. Hence the standard deviation in the 
position of each atom is 0.005 A_. 

Cruickshank's (1949) method was used to determine 
the estimated standard deviation in the atomic co- 
ordinates obtained by the triple Fourier-series method 
(B, Table 3). Retaining his nomenclature, 

p~ and p~ are 4.21, p~ is 6.00; 
Ahh = Akk is 209"2, Az~ is 507.5 e.:£_-5; 
a(Ah) is 1.609, a(Ak) is 1.511, and a(Az) is 1.796 e..~ -~. 

Thus 

a(x) = 0.008, a ( y ) =  0.007, and a(z)=  0.004 /~, 

so that  the estimated standard deviation in the posi- 
tion of each atom by Cruickshank's method is 0.007 A. 

The mean value of the standard deviation in the 
coordinate of each atom is thus taken to be 0.007 /~ 
since the relative weights of the two sets of standard 
deviations are not known. The standard deviation in 
any one S-S bond is hence 0.010 .~. However, this 
bond length is measured independently four times, in 
the S s molecule. The arithmetic mean of the four S-S 
bond distances hence has a standard deviation of 
a(S-S)/v'4 = 0.005 A (Whittaker & Robinson, 1944). 
The limit of error in this arithmetic-mean distance 

can be taken as double the standard deviation, i.e. 
0.010 A. I t  may be noticed in Table 6 that  all the 
individual values of the S-S bond length lie well 
within their limit of error of the mean distance. 

The standard deviation in each S-S-S bond angle 
is readily computed from the data above to be 44'. 
This angle is independently measured three times, and 
hence the standard deviation in the mean of these 
values is 25'. Each of these bond angles lies within 
its limit of error, i.e. 1 ° 28', of the mean S-S-S bond 
angle (Table 6). The standard deviation in the dihedral 
angle is the same as in the bond angle, namely 44'. 
This angle is independently measured only twice, 
since two of the observations have half the weight of 
the other, and hence the standard error in the mean 
dihedral angle is 44'/[/2 = 31'. 

11. I n t e r m o l e c u l a r  contacts  

In this crystal, there are four contacts only between 
atoms of neighboring molecules that  are less than 4 A. 
The shortest of these is of 3.692 A_ between S~ and S~. 
of the molecule related by a center. The primed atom 
is related to the unprimed in Table 3 by the twofold 
axis passing through the molecule. 

12. D i s c u s s i o n  

In any scheme of representing bond lengths in terms 
of corresponding bond orders, the lengths of the pure 
single and double bonds are of particular importance. 
For the case of sulfur, a scheme has been proposed in 
which the length of the bond of order zero is taken as 
2.08 A and that  of order unity as 1.88/~, with inter- 
mediate points derived from the alternating S-S bond 
lengths found in the hexasulfide and tetrasulfide ions 
(Abrahams, 1954). The S-S bond distance in the S s 
molecule was examined in case it could be taken as an 
example of a pure single bond. However, the measured 
distance of 2.037/~ in orthorhombic sulfur appears to 
correspond not to a pure single bond, but to one with 
order 0.3 according to the scheme above. 

The possibility of substantial double-bond character 
occurring in the S s molecule was suggested previously 
by Powell & Eyring (1943). These authors discussed 
the reaction (x/8)Ss ring ~ Sx chain, for which the 
heat of reaction is 27-5±5 kcal., in terms of the S-S 
bond strength, recently determined in several alkyl 
disulfides by Franklin & Lumpkin (1952) to be be- 
tween 70 and 73.2 kcal. The large energy difference 

Table 8. S-S-S bond angles 
Compound 

Cesium hexasulfide 
Barium tetrasulfide monohydrate 
Di-p-tolyl sulfide (C-S-C) 
Dimethanesulfonyl disulfide 
Barium tetrathionate dihydrate 
Barium pentathionate dihydrate 

Value 

108.84-2 ~ 
104.5--2 ~ 
109.0__--' 2 ~ 
104.0±3 ~ 
103.0___'2 ~ 
104"5-_- 2" 

Reference 

Abrahams & Grison, 1953 
Abrahams, 1954 
Blaekmore & Abrahams, 1955 
S6rum, 1953 
Foss, Furberg & Zachariasen, 1954 
Fosu & Zachariasen, 1954 
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Table 9. Measured and calculated values of the orthorhombic suZfur structure factors 

h k t  F r n e a  s F c a l c  

004 • 14 • 4 

008 216 + 187 

0. O. 12 22 - 5 

0 . 0 .  16 : 532 +548 

O. O, 20 37 - 2 

0. O, 24 382 .+326 

0 . 0 , 2 8  • 41 + 4 

O. 0, 32 . •  44 - 27 

O, O, 36 28 - 3 

0 , 0 , 4 0  82 + 75 

2 0 2  145 + 94 

206 537 , 5 8 3  

2. 0. 10 841  - "84 

2. O. 14 128 +128 

2, 0, 18 " 274 +232 

2 .0 ,  22 235 - 196 

2, 0 . 2 6  12 1 - 94 

2, O, 30 47 - 37 

2. O. 34 • 60 + 19 

400 32 1 +344 

404  284 °268 

408 395 +413 

4, O, 12 306 +321 

4. O. 16 241 +196 

4. O, 20 297 - 2 4 2  

4, O. 24 9 1 + 75 

4, O, 28 46  + 59 

4 . 0 , 3 2  49 + 48  

602 481  +630 

606 88 - 38 

6 , 0 ,  I0 • 21 - 41 

6, O, 14 311  -269  

6, O, 18 88 + 80 

6 . 0 ,  22 2.13 - 192 

6. O, 26 63 + 57 

6. O, 30 28 - 11 

800 84 - 78 

804  • 16 - 18 

808 207 - 185 

8. O ,  IZ 149 -139  

8. O. 16 68 ," 79 

5. O. 20 29 + 34 

8, O. 24 • 3 4  - 28 

A 8 , 0 , 2 8  • 60 - 34 

I0 ,  O. Z 170 +159 

10. O. 6 175 - 112 

1 0 . 0 ,  10 • 48  - 22 

10, O, 14 • 50 - 19 

10, O, 18 149 + 97 

1 0 , 0 , 2 2  78  , 95 

10, 0, 26 < 61 - 2 

12, 0, 0 261 -238  

1 2 , 0 . 4  • 31 + 13 

12 0, 8 147 - 82 

12, O, 12 • 56 - 46 

12, 0, 16 125 - 104 

12, 0, 20 57 + 30 

14, O, 2 • 57 + 2 

14, O, 6 • 58 " 0 

14. O. I0 < 59 + I 

14.0. 14 • 60 + 15 

16, O, 0 • 63 - 8 1 

16. 0, 4 <: 63 .~ 24 

I l l  lOb - 77 

113 216 +162 

I15  131 - 87 

I17  326 -297  

119 82  + 60 

I. I. 11 268 -257 

I. I. 13 182 +168 

1, 1. 15 27b +269 

I. I .  17 3 14 +278 

I. I. 19 133 +123 

1, 1 ,21  176 -123 

~, IB23 • 35 0 

h k ~  F r n e a  s F c a l c  

1 . 1 . 2 5  • 36 - 9 

1 . 1 . 2 7  58 - 42  

1 . 1 . 2 9  • 40  + 31 

1 . 1 . 3 1  51 + 32 

1,1, 33 02 • 69 

1 . 1 . 3 5  • 47 - 9 

311 316 - 3 7 6  

313 4 18 +396 

315 58 + 50 

317 356 +442 

319 .  344  +364 

3,1, II 164 +145 

3.1 ,  13 .190 +180 

3, I. 15 "37 + 69 

3.1 ,  17 <: 29 - 38 

3. I. 19 97 + 88 

3 , 1 , 2 1  31 + 52 

3,1, 23 49 - 18 

3,1, 25 69 - 57 

3 . 1 . 2 7  108 + 76 

3, I. 2 9  < 39 o. .7 

3 . 1 . 3 1  9 0  + 87" 

3, I. 33 41. 4. 38 

3 , 1 , 3 5  ~:: 4 4  + 9 

511. 184 +184 

513 6l o 39 

515 333 +427 

517 49 - 50 

519 149 + 157 

5.1, 11 136 - 1 1 2  

5. I. 13 a 152 - 132 

5.1,  15 39 ~ 44  

5 . 1 , 1 7  (11 ! + 95 

5 .1 ,  19 228 - 2 1 3  

5, I,  21. 66  + 75 

5 ,1 ,23  115 4- 3 

5,1, 25 77 + 73 

"5,1, 27 • 3 7  + 1-~ ~ 

5.1, 29 • 38 ~,  8 

5 . 1 . 3 1 ,  • 41 + 13 

711 79 ,. + 82 

7 13 19 1 ~ + 193 

715 203 +205 

717 60 + 73 

719 Ill + 75 

7. I, 11: < 28 - 30 

7.  1. 13: 67 - 80 

7, 1, 15 < 31 - 10 

7, I, 17 106 + 86 

7. I. 19 214 +178 

7. 1.21 I16. +114 

7, I. 23 54 + 9 

7. 1, 25 .57 + 35 

7. I. 27 ~ 43 - I 

7, 1,29 • 45 - 19 

911 42 - 73 

9 13 163 - 165 

9 15 46 + 28 

9 17 156 - 148 

919 42  + 60 

9. 1, 11 42 - 10 

9. I, 13 • 50 + 8 

9. 1. 15 • 51 .+ 22 

9. 1, 17 ~ 53 + 34 

9 ,  1 . 1 9  7s  - ~4 

9, 1, 21 57 "+ ~2 

9.1.23 < 59 - 1~ 

3~ II, I, 1 • 3 2  

I 1 .  I ,  3 • 5 6  - 6 2  

11.1.5 • 57 .+ q5 

i 1 , 1 , 7  • 57 + 19 

022 188 +151 

026 59 1 -668 

O. 2, 10 443 •468  

O, 2, 14 118 - 1 1 9  

hk~ F m e a $  , F c a l c  

O. Z. 18 250 +215 

0 . 2 . 2 2  117 - 74 

O. 2 .26  39 + 34 

O, 2, 30 68 - 66 

O. 2, 34 53 • 65  

O, 2, 38 • 50 • 12 

220 315 -301  

222 5 6 0 ,  -662  

224 160 •125 

- 3 

+ 13 

. - 2 0 5  

+345 

. - 4 2 4  

- 67 

- 2 5  

- 3 6  

- 9 8  

- 4 9  

- 94 

+ 64 

- 29 

+ 10 

+253 

- 6") 

- 44 

• +263 

*255 

•133  

°233 

-166  

+ 5 

• 84 

- 2 

+ 124 

+ 87 

+ 36 

- 2 2  

+ 38 

+107  

+318 

+ 4 1  

-289  

-I05 

+ 199 

- 77 

- 70 

+ 85 

+119 

+ 60 

- I0 

- II 

+ 22 

- 23 

- 65 

- 2 4 9  

- 19 

+ 36 

- 5 1  

+161 

* 56 

- 8 

• 2 

• 72 

- 5 

• 27 

- 3 1  

.o 62 

• 67 

+ 78 

• 70 

- 75 

+165 

+113 

÷150 

226 : 20 

,?.28 21 

2, 2, t0 207 

2 . 2 , 1 2  340 

2, 2, 14 405.  

2, 2, 16 59 

2 . 2 ,  18 46 

2, 2, 20 4 3 '  

2 . 2 . 2 2  .124 

2, 2 .24"  ,49 

2 . 2 ,  26 ,'I 19 

2, 2 . 2 8  ' 78  

2 .2 ,  30 55" 

2 . 2 ,  32 < 45 

422 253 

4 2 4  .59 

426  69 

428  220  

4, 2. 10 220 

4 . 2 ,  12 140. 

4, 2, 14 '256 

4, 2. 16 164 

4, 2, 18 • 31 

4.2.20 .120 
t 

4. 2, 22 ~ 34 

4. 2 . 2 4  ~ 135 

4.2, 26 1;5 

. 4. 2, 28 ~ 27 

4, 2, 30 • 4 1 

620 • 13 

622 .79 

624  290  

626 .15 

628 250 

6, 2, I0 "I I0 

6 . 2 .  12 214  

6, 2, 1 4  64 

6 . 2 .  16 "81 

6 . 2 / 1 8  66 

6, 2, 20 144 

6 . 2 ,  22 42 

6, 2, 24 <: 34 /  

6 . 2 ,  26 .38 

6, 2, 28 38 

6, 2, 30 • 39 

8 2 2  7:3 

824 200 

826 • 19 

828 27 

8, 2. 10 66 

8 . 2 .  12 182 

8, 2. 14 40 

8,  2. lo • 27 

8. 2. 1 8  • 2S 

8, 2, 20 b 1 

8. 2, 22 • 31 

8, 2, 24 • 33 

8 .2 .26  • 35 

1 0 . 2 ,  0 76 

10, 2, 2 66 

10, 2, 4 80 

I 0 . 2 . 6  66 

I0.2.8 95 

I0.2. I0 178 

I0. 2. 12 143 

1 0 . 2 .  14 160 

h k ~  F m e a s  F c a l c  

1 0 . 2 .  16 54 - 41 

1 0 . 2 .  18 • 55 - 14 

12, 2 . 2  66  - 42 

12, 2, 4 • 30 + 24 

12.2,  6 7b • 68 

12.2.8 . 54 + 55 

1 2 . 2 ,  I0 77 - 79 

1 2 . 2 ,  12 .~  57 - 8 

12.2. 14 58 + 44 

12, 2. 16' 59 - 72 

12.2. 18 ~ 60 - 32 

14, 2, 0. • 29 - 10 

1 4 . 2 . 2  59 + 99 

1 4 . 2 ,  4 .  ~ 60 .~ I0 

131 252 - 2 4 3  

133 270 +188 

135'  ~376" -340  

137 ,  ',387~ -364  

139 ,211 - 39 

1 .3 .  11 ~ 1~ ,+ 29 

I. 3, 13 ' •  ~23 + 15 

1 .3 .  15 • 25 • 30 

1 . 3 ,  17' 238. -223 

1,3,  17 • 2 9  + 14 

1.3, 21 133 -I02 

I., 3, 23; ,146 - 120 

• 1 . 3 . 2 5  ~ 34, * 10 

1 . 3 . 2 7  '.139 + c~0 

1, 3, 29 ,67 - 67 

1, 3, 31 '  43: - 7 

1 . 3 ,  33'. < 44 - 27 

33 1 178 - 148 

333 ,245 - 2 1 3  

335 294 • 2 7  l 

337 11 t • 107 

339. 26 + 53 

3 . 3 .  I 1 206  - 190 

3 . 3 .  13 ~I00 • I 0 0  

3 . 3 ,  15 5 4  - 46  

3, 3, 17 '118 - 117 

3 , 3 .  19 116 - 1 1 8  

3 . 3 . 2 1  81 • 59 

3 . 3 . 2 3  7~ • 58 

3, 3, 25 • 35 + 2 

3. 3 . 2 7  36 - 37 

3 . 3 . 2 9  • 39 + 23 

3 , 3 . 3 1  < 41 - 11 

3 . 3 . 3 3  • 45 - 8 

3 . 3 . 3 5  • 46. - 25 

5 .3 .  1 30 + 43 

533 88 •100  

535 380 -469 

537 235 -261 

539 I I l - 120 

5 . 3 ,  11 171 - 1 9 4  

5 .3 ,  13 68 - 79 

5.3.15 • 28 - II 

5, 3, 17 35 - 63 

5 ,3 ,  19 • 32 - 46 

5 . 3 . 2 1  103 ,o 91  

5, 3 . 2 3  34 - 42 

5.3, 25 • 37. + 31 

5.3.27 • 39 • 51 

5, 3, 29 116 - 94 

5 , 3 , 3 1  • 42 - 34 

73 1 26 • 36 

733 193 - 2 0 7  

735 2 16 + 194 

737 148 - 164 

739 57 - 62 

7 . 3 .  II < 28 - - 22 

7 . 3 ,  13 144 + 95 

7 , 3 , 1 5  77 + 91 

7. 3. 17 112 +122 

7 . 3 ,  19 84 - 78 

hk.~ F m e a s  F c a l c  

7, 3, 21 167 +127 

7, 3, 23 83 - 72  

7, 3, 25 60 - 42 

7, 3 . 2 7  • 40 + 2 

7, 3, 29 41 + 32 

7 . 3 ,  31 • 44  ÷ 2" 

931 ~ 28 + 22 

933 1~7 o150 

9 35 62  - 58 

.937 • 33 - 33 

939 110 +113 

9 . 3 ,  11 • 34 + 10 

9, 3. 13 • 35 - 17 

9.3, 15 84 + 78 

9, 3, 17 • 36 - 30 

9, 3, 19 104 - 70 

9, 3 . 2 1  64 - .  66 

9 , 3 , 2 3  39 - 41 

9, 3, 25 • 42 + 4g 

11,3 .  I • 31 - 20 

11, 3, 3 60 +103 

II. 3 . 5  122 +134 

I I. 3 . 7  49  - 62 

11.3.9 37 + 53 

13.3, I 39 + 65 

13, 3, 3 39 + 20 

1 3 , 3 , 5  • 39 - 3 

13, 3, 7 40.  + 55 

13, 3 .9 .  28 - 9 

1 3 , 3 , 1 1  ¢: 41 - 30 

040 446 +558 

044 514 +593 

048 254 - 2 3 7  

O, 4, 12 442 +515 

0 . 4 ,  16 44 + 76 

O, 4.20 196 + 154 

0 . 4 , 2 4  I15 + 75 

0, 4, 28 128 + 106 

O, 4, 32 4Z - 4 6  

0, 4 . 3 6  • 49 + 32 

242 123 -Ill 

244 346 +321 

246 23 - I5 

248 160 - 1 5 9  

2 . 4 ,  I0 240 -228" 

2, 4,  12 104 - 96  

2 . 4 .  14 137 +134  

'2,  4. 16 (~ 24 - 6 

2 . 4 .  18 • 25 + Z 

2, 4.20 • 28 - 5 

2 .4 ,  22 39 - 49 

2, 4 . 2 4  118 y- 99 

2, 4, 26  85 - 77 

2, 4 . 2 8  63 ~- 57 

2 . 4 . 3 0  • 36 + 5 

2, 4, 32 • 38 - 30 

440 58 + 42  

442 :  142 - 137 

/444  200 + 178 

446  • 20 + d6 

440  22 - 40 

4 . 4 .  10 263 -267  

4 . 4 ,  12 3-12 +336 

4, 4, 14 157 - 17~ 

4 . 4 ,  16 • 26 + 3 

4 . 4 .  18 • 27 + 3 

4. 4.20 • 29 - 8 

4 . 4 . 2 2  68 + 61 

4 . 4 . 2 4  42 + 3 

4, 4, 26 139 - 95 

4 . 4 . 2 8  81  + 72  

4, 4 , 3 0  30 - 11 

4, 4 . 3 2  • 39 - 7 

4 . 4 , 3 4  80 - 21 

642 • 18 + 5 
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hkZ 

644 

646  

648  

6 . 4 ,  10 

6.4.  12 

6,.4, 14 

6, 4, 16 

6 . 4 ,  18 

6, 4.20 

6, 4, 22 

6, 4.24 

6.4,  26 

6.4,  28 

6, 4.30 

840 

842 

844 

846 

848 

8 . 4 ,  10 

8 ,  4. 12 

8 . 4 .  1 4  

8 . 4 .  16 

8, 4, 18 

8 . 4 . 2 0  

8 . 4 . 2 2  

8 ,  4 . 2 4  

8, 4.26 

8 . 4 ,  28 

10.4.2 

I0,  4, 4 

1 0 , 4 . 6  

10, 4, 8 

10 .4 ,  10 

I0, 4, 12 

I0, 4. 14 

I0, 4, 16 

I 0 . 4 ,  18 

12,4. b 

12,4.2 

1 2 , 4 . 4  

12, 4, 6 

12, 4, 8 

12, 4. I0 

12, 4, 12 

12.4. 14 

12, 4, 16 

14.4, 2 

14, 4, 4 

1 4 . 4 , 6  

1 4 . 4 . 8  

151 

153 

155 

157 

159 

1 , .5 .11  

t, 5. 13 

I. 5, 15 

I, 5. 17 

I, 5, 19 

1 , 5 , 2 1  

1. 5, 23 

I. 5, 25 

1 . 5 , 2 7  

I, 5, 29 

J.5.31 

l ,  5, 33 

l. 5.35 

351 

353 

355 

357 

359 

3.5. II 

F m e a s  

77 

208 

77 

267 

39 

58 

108 

108 

• 3 1  

• 35 

36 

36 

36 

39 

< 29 

215 

8O 

86 

41 

28 

126 

31 

35 

99 

• C 30 

• 32 

• 34 

80 

• 3~ 

28 

3! 

31 

77 

111 

• 33 

58 

34 

• 36 

84 

34 

102 

• 35 

• 35 

36 

115 

36 

• 38 

• 38 

54 

38 

• 40 

237 

23 

130 

94 

186 

194 

297 

153 

32 

189 

55 

44 

77 

41 

67 

~8 

• 34 

• 36 

15 

197 

221 

500 

425 

121 

Fcalc 

- 92 

+221 

-115 

-293 

+ 45 

+ 58 

+103 

- 80 

+ 20 

- 37 

- 5 6  

- 5 5  

- 13 

+ 29 

- 43 

- 2 4 8  

- 8 9  

+ 89 

- 6 1  

÷ 20 

- 1 1 6  

- 4 5  

- 3 2  

- 6 5  

- 2 0  

- 2 6  

- 1 3  

- 7 2  

- 2 9  

- 14 

+ .50 

+ 54 

+I02 

- 1 1 7  

o 20 

+ 57 

- 62 

- 7 

- 67 

+ 43 

- 90 

+ 16 

+ 18 

- 58 

-110  

- 31 

o 17 

+ 3 

- 69 

+ 2 

+ 2 

-239  

+ 18 

- 94 

+ 94 

- 173 

- 185 

+285 

+ 142 

° 43 

+164 

- 51 

+ 84 

- 60 

+ 56 

+ 15 

- 7 

+ 19 

+ 19 

+191 

- 195 

+6 17 

+449 

-118 

h k E  

3.5,  13 

3.5,  IS 

3.5,  17 

3.6.  19 

3. S, 21 

3, 5, 23 

3. S. 25 

3, 5.27 

3, 5, 29 

3 ,5 ,31  

3, 5.33 

3, 5.35 

551 

553 

555 

557 

559 

S. 5, I I 

5, 5, 13 

5.5,  15 

5, 5, 17 

S. 5, 19 

5, S. 21 

5, 5, 23 

5 .5 .25  

5, 5, 27 

5, 5, 29 

5 ,5 ,31  

751 

753 

755 

757 

759 

7,5, Ll 

7, 5, 13 

7, 8, 15 

7, 5, 17 

7.8.  L9 

7,5,21 

7 . 5 . 2 3  

7.5,25 

7. S. 27 

7.5 .29  

951 

953 

955 

957 

959 

9, 5. 11 

9, 5, 13 

9, 5, 15 

9 . 5 ,  17 

11,5, I 

II, 5, 3 

062 

066 

O, 6, 10 

O. 6. 14 

0.6.  18 

0.6,  22 

0 ,6 .26  

0 ,6 .30  

O. 6.34 

0, 6.38 

?--60 

262 

264 

266 

268 

2.6, lO 

2.6, 12 

2, 6. 14 

2 . 6 .  16 

2, 6, 18 

2 . 6 . 2 0  

F m e a s  

31 

168 

153 

• 25 

38 

84 

• 29 

< 30 

60 

89 

46 

36 

230 

133 

58 

54 

32 

131 

35 

359 

• 24 

102 

7 7  

66 

38 

32 

33 

• 34 

83 

28 

40 

I I 0  

199 

100 

I01 

171 

• 28 

• 30 

g 31 

• 32 

62 

31 

28 

• 26 

• 26 

181 

184 

• 27 

• 28 

146 

• 29 

• 29 

• 29 

470  

315 

197 

259 

• 27 

136 

74 

40 

40 

4 4  

19 

282 

74 

33 

254 

246 

326 

123 

67 

91 

169 

Fcalc 

- 52 

+ 154 

+ 134 

+ 47 

+ 6 

+ 79 

- 4 

+ 3 4  

- 6 3  

÷ 98 

÷ 64  

° 6 

+237 

-142 

+ 49 

- 64 

+ 4 7 '  

+117 

- 56 

- 135 

+ 22 

- 80 

+ 86 

° 7.2 

+ 3 " i  

+ 15 

- 19 

- 22 

+ 70 

- 32 .. 
+ 54 

+ 95 

+208 

- 89 

- 102 

+171 

° 30 

+ 46 

+ 38 

+ 4 

+ 45 

- 4 1  

- I 0  

+ 5 

+ 1 

- 8 

- 189 

+221 

+ 14 

- 36 

o132 

+ 5 

o 14 

+ 26 

-562 

-235 

+176 

+218 

+ 11 

+121 

° 55 

o 25 

+ 6 1  

+ 55 

- 20 

- 2 7 6  

- 7 8  

- 37 

+256 

-225 

+302 

- 127 

+ 75 

- 9 3  

-142 

Table 9 (cont.) 

hk-~ 

? 6.22 

2, 6, 24 

2, 6 . 2 6  

2 .6 .28  

2 .6 .30  

2 .6 .32  

2.6,  34 

2 .6 .36  

462 

464 

466 

468 

4, 6, 10 

4, 6.  12 

4 . 6 ,  14 

4 ,  6, 16 

4, 6 .  18 

4, 6,  20 

4, 6, 22 

4, 6.7.4 

4.6, 26 

4, 6.28 

4 .6 .30  

660 

662 

664 

666 

668 

6, 6. 10 

6.6, 12 

6, 6, 14 

6 . 6 ,  16 

6, 6, 18 

6 . 6 . 2 0  

6, 6.22 

6, 6, 24 

6, 6, 26 

862 

864 

866 

868 

8 ,  6 .  10 

8.6,  12 

8.6.  14 

8 ,  6 .  16 

8 . 6 ,  1 8  

8 ,  6 . 2 0  

8 . 6 . 2 2  

8 . 6 ,  ; '4  

I0, 6, 0 

10 .6 ,  2 

10, 6 .4  

1 0 , 6 , 6  

1 0 , 6 , 8  

10, 6, I0 

I0, 6, 12 

I0, 6, 14 

1 0 . 6 ,  16 

10, 6.  18 

10.6, 20 

12, 6, 2 

12, 6, 4 

12, 6, 6 

17!  

173 

175 

1 7 7  

179 

1, 7. 11 

1 .7 ,  13 

1, 7, 15 

1.7. 17 

1, 7. 19 

1.7, 21 

I. 7, 23 

F ine ,s  

• 30 

< 32 

132 

85 

38 

4 0  

41 

~C 42 

3 7  

108 

210 

134 

139 

• 28 

125 

55 

X88 

~:  30 

90 

74 

• 36 

• 39 

450 

38 

57 

• 26 

< 26 

< 27 

53 

• 30 

162 

31 

• 32 

• 34 

126 

38 

• 23 

27 

92 

94 

• 27 

• 28 

• 29 

• 30 

• 32 

• 33 

35 

49 

75 

79 

33 

33 

• 33 

47 

47 

• 37 

• 38 

36 

• 40 

• 37 

• 38 

• 38 

123 

114 

495 

17 

2O 

22 

63 

~: 26 

48 

256 

224 

38 

F c a l c  

+ 15 

+ 8 

- 102 

+ 63 

+ 9 

+ 4 1  

- 27 

+ 6 

- 50 

-110 

+236 

÷ 96 

+118 

+ .35 

-11q 

+ 49 

- 1 4 1  

+ 3 

+112 

+ 75 

+ 64 

- 21 

+ 3 

+537 

- 30 

+ 64 

+ 42 

- 39 

+ 22 

+ 7 1  

+ 11 

+142 

o 7 

+ 16 

+ 5 

+ 106 

- 11 

- 36 

- 86 

+ 88 

- 27 

+ 2 

+ 34 

0 

+ 30 

- 9 

o 37 

+ 70 

+ 95 

+ 98 

o 34 

+ 27 

+ 17 

+ 50 

+ 74 

+ 37 

+ 37 

÷ 48 

- 54 

+61 

- 30 

° 6 

-I14 

-138 

-540 

+ 32 

+21 

- 53 

+ 56 

+ 34 

- 64 

-212 

- 184 

- 9 

hk.~ Fmeas Fcaic 

1, 7.25 35 - 30 

1.7, 27 63 + 45 

1, 7.29 • 39 - 50 

1 , 7 , 3 1  • 41 + 27 

37 1 38.5 +425 

373 258 +277 

375 55 o 76 

377 9.5 + 63 

379 < 22 + 3 9  

3.7, I t  143 +136 

3.7,  13 192 - 174 

3 . 7 ,  15 194 - 165 

3 .7o 17 70 + 62  

3, 7, 19 31 + 54 

3 ,7 ,21  39 - 51 

3, 7, 23 42 - 62 

3 .7 ,25  90 + 96 

3, 7, 27 63 + 62 

3, 7.'29 ~ 38 - 14 

3, 7.31 < 40 + 14 

571 ~ 21 - 3 

573 96 + 91 

575 81 - 85 

577 254 -277 

579 117 -122 

5, 7. 11 104 - 108 

5, 7, 13 70 o 66 

5, 7, 18 58 + 58 

5, 7, 17 174 -160 

5.7,  19 < 32 + 43 

5,7.21 • 34 + 17 

5.7,  23 "~ 36 - 40 

5, 7, 25 • 37 + lO 

5 .7 .27  • 38 + 8 

5.7.29 54 - 42 

5, 7, 3 1 • 42 - 15 

77 I 146 + 118 

773 38 + 60 

775 <; 27 - 8 

777 230 -212 

779 93 + 85 

7 , 7 ,  II 30 - 39 

7, 7. 13 34 + 45 

7, 7, 15 ~ 3 1 ÷ 16 

7 . 7 .  17 188 + 163 

7.7. 19 50 + 54 

7 .7 .21  • 34 o 22 

7, 7, 23 39 - 60 

7, 7, 25 • 38 + 13 

971 161 - 129 

973 115 +113 

975  30 + 44 

977 30 - 29 

979 30 + 12 

9,7 ,  11 43  + 60 

9, 7, 13 80 + 77 

9, 7, 15 29 - 20 

9, 7, 17 35 - 60 

9.7, 19 • 37 + 30 

II, 7, 1 <: 31 + 17 

11,7,3 • 34 + 13 

11,7.5 83 + 97 

I I. 7.7 3 4  - 39 

11,7.9 • 35 + 22 

I I ,  7, I I  • 35 - 37 

13, 7. 1 • 38 - 20 

13, 7, 3 38 + 58 

13, 7, 5 38 ~" 6 1 

13, 7.7 • 39 + 13 

080 66 - 65 

084 94 + 79 

088 295 +215 

0.8. 12 314 +232 

0 ,  8 .  16 • 3 7  * 46 

O. 8.20 35 - 28 

h k /  

O, 8,  24 

28.2 

284 

286 

288 

2. 8. L0 

2.8.  12 

2.8,  14 

2.8.  16 

2, 8, 18 

2, 8, 20 

2.8,  22 

2, 8, 24 

2, 8, 26 

2, 8.28 

480 

482 

484 

486 

488 

4.8. LO 

4 . 8 ,  12 

4.8,  14 

4.8, 16 

4.8. L8 

4, 8.20 

4 ,8 ,22  

4, 8, 2~ 

682 

68-t 

686 

688 

6.8. I0 

6.8, 12 

6 . 8 ,  14 

6.8.  16 

6.8. 18 

6 .8 .20  

6, 8, 22 

6 .8 .24  

6,8.26 

880 

882 

884 

886 

888 

8 . 8 ,  10 

8 , 8 .  12 

8. 8, 14 

8 ,  8 ,  16 

8, 8, 18 

8 .8 .20  

8 . 8 . 2 2  

8 .8 .24  

1 0 . 8 . 2  

10.8.4 

12,8.0 

12, 8, 2 

12, 8 ,  4 

1 2 . 8 . 6  

12, 8 . 8  

1;', 8. L0 

19 i 

193 

198 

197 

199 

1 . 9 . 1 1  

1 .9 .  13 

1, 9, 15 

1.9, 17 

1,9, 19 

1,9,21 

1, 9, 23 

1,9.25 

F r n e a s  

< 4 1 .  

88 

210 

145 

77 

• 32 

104 

115 

128 

71 

90 

• 39 

4O 

42 

• 45 

194 

183 

95 

• 30 

28 

109 

• 33 

228 

33 

94 

• 3)  

• 4 1  

44 

• 27 

7 t  

27 

• 29 

• 3 "  

43 

9~ 

30 

• 30 

• 37 

• 38 

• 40 

194 

• 27 

• 27 

• Z8 

• 3O 

• 3O 

• 3 3  

32 

• 36 

7O 

39 

• 3 1  

• 32 

• 3 . 1  

29 

46 

38 

• 38 

• 38 

112 

131 

J95 

180 

31 

• 35 

118 

7 !  

116 

38 

• 42 

• 4 3  

F c a l c  

0 

* 93 

-203 

+ 156 

* 9 5  

- 8 

- ! 7 7  

- 1 0 ' ]  

* 10~ 

+ L "  

- 43 

+ 33 

• 13 

* 18~ 

- 107 

qa 

- qt 

- 5g 

-L$L 

- 41 

-25~ 

+ 33 

- 33 

* 3 ,"  

o 54 

- 8 ~  

o o ' 1  

- 4'. 

+ 4 

+ 43 

* 8.* 

* 13 

- ,~ 

- 3 , ]  

- 2 7  

- 8 3  

. 5 ,  

* 5 

- ~ 3 ~  

• ; 

- t ~ t  

- ~'l 

- 2 . '  

- 27 

- 2 ~  

- 24 

+112 

* 139 

- 2 0 2  

* 15-t 

~ IZ l  

- 8 8  

- ~ 2  

- o 0  

t [4 
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hk.~ Fracas Fcalc 

1, 9 . 2 7  < 45 + 24 

391 63 - 70 

393 Z7 1 +302 

395 186 +216 

397 < 30 0 

399 < 3 -~ - 41 

3 .9 ,  II 42 + 79 

3 . 9 . 1 3  <37 + 50 

3.9. 15 4 35 - 15 

3, 9. 17 < 36 - 39 

3 .9 ,  19 142 +178 

3 , 9 , 2 1  125 +119 

3 ,9 ,  23 <41 + 5 

3.9.25 <43 - 31 

59 i < 29 - 14 

593 194 - 2 0 0  

595 90 " 97 

597 < 30 + 19 

599 < 31 - 30 

5 , 9 , 1 1  <32 + I0 

5 .9 .  13 88 + 87 

5. 9. 15 < 34 - 24 

5 . 9 ,  17 < : 3 6  - 41 

5 .9 ,  19 < 37 - 14 

79 ! 121 - 127 

793 68 + 66 

795 33 + 41 

797 34 - 51 

799 35 + 44 

7.9, I I  36 + 66 

?. 9. 13 38 + 56 

7 . 9 .  15 < 41 + 40 

7 ,9 ,  17 126 - 1 0 7  

7.9, 19 <: 45 + 25 

991 < 50 - 59 

993 105 - 86 

995 117 +Ill 

997 <51 + 24 

999 < 52 + 53 

9, 9, 11 99 - 88 

9 , 9 ,  13 <53 4- 49 

11,9,  1 30 + 12 

1 1 , 9 , 3  <39 + 33 

O. 10, 2 270 - 2 4  1 

0, 10.6  4 3 3  + 37 

O, 10. 10 147 +110 

O. 10. 14 < 3 7  + 63 

O. t0 ,  18 <41 - 56 

0. I0.22 170 +125 

O. I0. 26 <47 + 9 

2, I 0 . 0  144 4168 

2. 10. 2 < 2 8  + 29 

2, I0.4 <29 + 19 

2. I0. 6 12.0 -I15 

2, I0.8 33 + 77 

2, 10. I0 49 - 36 

2, I0, 12 120 4101 

2, 10, 14 < 3 8  - 41 

2. 10, 16 90 + 74 

2, 10. 18 < 4 1  + 9 

hkj~ F r a c a s  F c a l c  

2. 10, 2.0 < 43 - 22 

2., I 0 . 2 2  < 44 - 37 

4, 10 .2  110 - 109 

4, 10.4  4 30 - 17 

4, 10, 6 32 + 46 

4, 10, 8 63 - 76 

4. I0, I0 62 + 57 

4. 10. 12. 34 + 44 

4. I0, 14 <: 37 + 5 

4, 10. 16 < 39 + 49 

4, 10, 18 52 - 50 

4, 10, 20 38 + 36 

4, 10, 22 40 + 66 

4. I0, 24 < 44 - 47 

6.10.0 320 +304 

6, 10, 2 .68 - 58 

6, 10 ,4  < 31 + 28 

6. I0, 6 < 3& + 8 

6, I0,  8 42  ,(- 67 

6, 10, I0 31 + 75 

6, 10, 12 110 4112 

6, 10, 14 <: 35 + 28 

6, I0,  16 97 +114 

6, I0,  18 36 - 28 

6, 1 0 , 2 0  < 39 - 21 

6, 10, 22 < 4 1 - 37 

6, 10, 24 80 + 80 

6, 10, 26 < 44 + 9 

8 ,  I0 ,  2 < 30  "+ 14 

8.  1 0 , 4  100 + 1 0 5  

8 ,  10 ,  6 < 31  - 20  

8 .  I0,  8 < 32  4. 17  

8 ,  I0 ,  10 < 32  - 15 

8 ,  I0, 12  <: 34  - 16 

8 ,  10 ,  14  < 35  - 10  

8.  I0, 16 < 36  - 43  

10, 10, 0 8 1 + 99 

10, 10, 2 <: 3 1 4" 57 

10, 10, 4 3 1 - 17 

12., I0 ,  2 < 31 4. 50 

12, 10, 4 < 32  - 32 

1, 11, I 111 -119  

1, 11, 3 32 - 31 

1, 11 ,5  131 - I I 0  

I. 11 ,7  47 - 84 

1, 11 .9  151 -150  

1. 11, 11 36 + 31 

I, 1 I, 13 72 + 72 

1, 11, 15 38 - 70 

1, 11, 17 39 - 65 

1, II. 19 124  - 84 

I. 11.21 <43 - 50 

I. II,23 <46 - 8 

1, 11 ,25  60 - 59 

1. 11. 27 < 4 9  4. 19 

3, 11. I 60 + 41 

3. 11. 3 < :33  0 

3. 1 I, 5 32 + 56 

3. II.7 2.12 +212: 

3. 11 .9  197 -211  

Table 9 (cont,) 
hk~ 

3, 11, 11 

3, IX, 13 

3. II, 15 

3, II, 17 

3. I I, 19 

5.11.1 

5. I I, 3 

5, I I, 5 

5. II. 7 

5, 11.9 

5, II, II 

5, II, 13 

5, II, 15 

5, II, 17 

5, Iio 19 

7, I I° I 

7, 11,3 

7, II, 5 

7, II, 7 

7, 11.9 

7, ii, 11 

7, I i ,  13 

7, II, 15 

9, Ii, I 

9 . 1 1 , 3  

9, II, 5 

9° 11.7 

9, 11,9 

II, II, I 

II, II, 3 

O, 12, 0 

O, 12 .4  

O, 12 .8  

0. 12, 12 

O, 12. 16 

2, 12, 2 

2, 12, 4 

2, 12 .6  

2, 12 ,8  

2. 12, I0  

2. 12, 12 

2, 12, 14 

2, 12, 16 

2, 12, 18 

2. 12 .20  

2, 12 .22  

4, 12, 0 

4.  1 2 . 2  

4, 12, 4 

4, 12, 6 

4. 1 2 . 8  

4, 12, 10 

4, 12, 12 

4, 12, 14 

4, 12, 16 

4, 12, 18 

4, 12, 20 

4 ,  12, 22 

6, 12, 2 

6, 12, 4 

Fmeas  

< 36 

< 37 

48 

< 39 

< 4 1  

< 3 2  

51 

< 33 

< 34 

< 35 

36 

69 

8U 

97 

< 4 1  

<: 33 

< 39 

75 

< : 4 1  

139 

57 

<: 45 

< 2 1  

39 

31 

45  

46  

39 

36 

175 

91 

334 

<: 39 

4 4 1  

51 

54 

62  

88  

52 

< 40 

109 

<: 43 

41  

< 46 

47 

101 

182 

< 3 2  

37 

38 

72 

I I 1  

66  

~ 4 2  

43 

40  

< : 4 5  

28 
32  

Fcalc 

- 47 

+ 47 

+ 79 

- 24 

+ 8 

0 

- 54 

- 7 

- 31 

+ 23 

- 45 

- 62 

+ 78 

- 74 

+ 4 

- 11 

÷ 18 

+ 74 

÷ 25 

÷ 2 

- 122: 

+ 82 

+ 28 

+21 

+ 50 

- 46 

4 95 

+ 58 

49 

- 44 

-103 

- I l l  

+233 

- 50  

+ 4 1  

+ 79 

+ 65 

+ 53 

- 89  

4. 73 

- 37 

- 109 

+ 18 

- 38 

- 14 

+ 15 

4. 98 

- 1 5 8  

- 5 

- 21 

. 1 2 1  

- 77 

-131  

- 84 

+ 35 

- 47 

+ 42 

- 20 

- 12 

+ 43 

hk -g F r a c a s  F c a l c  

6, 12 .6  118 -136  

6, 12, 8 < 36 + 4 

6. 12, 10 83 + 99 

6, 12, IZ < 38 - 13 

6, 12, 14 < 39 - 2.4 

6, 12, 16 < 40 - 6 

6. IZ. 18 < 41 + 37 

8,  1 2 , 0  < 18 - 42 

8,  lZ,  2 50 - 69 

8, 12.4 < 33 - 3 

8, 12, 6 < 35 - 5 

8, 12 .8  <5 36 + 7 

8, IZ, I0 47 - 78 

8, lZ ,  12 < 37 + 37 

8, lZ, 14 36 - 72. 

8, lZ, 16 <: 38 - II 

10. 12, 2 23 + 18 

10, lZ. 4 < 24 + ;~8 

1, 13. I < 32 .t- 12 

1, 13, 3 < 32 t. 15 

1, 13 .5  36 - 50 

1, 13 .7  222 -1"198 

1° 13, 9 37 - 54 

1, 13. II 77 + 60 

1, 13, 13 < 42 - 66 

1, 13, 15 <: 43 - 19 

1, 13, 17 101 - 83 

1, 13, 19 < 46 - 28 

3, 13, 1 135 +128 

3, 13, 3 < 37 - 20 

3, 13 .5  35 + 52 

3, 13, 7 < 38 + 7 

3. 13 .9  < 38 + 14 

3. 13. 11 < 39 - 18 

3. 13, 13 53 - 60 

3, 13, 15 55 + 67 

3, 13, 17 < 42 + 19 

5, 13. I <: 33 - 28 

5, 13, 3 36 - 36 

5, 13 .5  135 -12.5 

5, 13, 7 < 38 + 6 

5, 13, 9 < 39 + 31 

7, 13, 1 <: 32 - 15 

7, 13, 3 <: 40 0 

7, 13 .5  96 - 87 

7, 13,7  < 4 5  + 3 

7, 13, 9 < 45 + 19 

9, 13, I 62 + 62 

9, 13, 3 39 - I0 

9.13,5 44, . /  - 2 

9, 13, 7 < 40 3 

O, 14, Z 78 + 104 

O, 14, 6 38 - 8 

O, 14, I0 114 +139 

O, 14. 14 143 -103 

O. 14. 18 < 47 + 18 

2, 14 .0  118 + 97 

2. 14, 2 48 + 64 

2. 14 .4  65 + 99 

2, 14, 6 39 - 48 

hk~ t F r a c a s  F c a t c  

2. 14, 8 40 - 56 

2. 14, 10 < 43 + 6 

2, 14. 12 < 44 + 22. 

2, 14. 14 42 + 60 

2, 14. 16 < 47 + 14 

2..14, 18 < 4 7  * 21 

2. 14 .20  45 + 69 

2, 14.22 < 50 + 2 

4, 14,2 < 3 1  - 5 

4. 14, 4 38 + 2.9 

4. 14.6 77 - 99 

4. 14, 8 39 - 41 

4, 14. 10 39 + 61 

4, 14, 12 < 43 - 21 

6. 14 .0  30 - 11 

6, 14, 2. < 34 - 10 

6, 14, 4 59 + 98 

6. 14, 6 < 39 o 9 

6, 14 .8  <: 39 + 10 

6. 14, I0 < 4O + 19 

6, 14. 12. 120 + 142 

6. 14, 14 < 42 + 19 

8. 14.2 < 3 8  + 5 

8.  14, 4 36  + 60 

8,  1 4 . 6  < 38 + 30 

1, 15. I < : 3 2  + 18 

I. 15, 3 64 - 60 

I. 15, 5 < 43 0 

I, 15,7 40 - 55 

1, 15, 9 <: 44 - 57 

3. 15. 1 <: 32 - 2 

3, 15.3 53 + 47 

3, 15, 5 39 - 55 

3, 15, 7 <: 40 + 2.6 

3. 15,9 40 - 57 

3, 15. II < 4 2  - 3 

5, 15, 1 29 - 38 

5. 15, 3 37 - 16 

7, 15. I < 28 + 27 

7, 15, 3 < 36 + 33 

0, 16, 0 162 - 152 

O, 16, 4 < 45 + 56 

O, 16, 8 < 46  - 41 

0. 16. 12 <: 47 - ~2 

2. 16.2. < 30 - 49 

2 , 1 6 . 4  < 3 0  - t l  

4,  16. o 59 - 84 

4. 16, 2 58 - 66 

4, 16.4 <:45 + 3~ 

4, 16,6 <45 - Z9 

6, 16. Z 45 - $1 

6, 16.4 <: 43 + 30 

0, 18o ~' < 49 - 6 

O, 18, 6 92 + 74 

0, 18. 10 < 50 - 3;' 

O, 20, 0 <: 53 - 3 

between opening the eight-membered ring, and break- 
ing a ~-~  bond was postulated as being due f o the 
formation of some double-bond character in which the 
available 3d orbitals were utilized. Thus, by taking on 
a certain amount of 'aromatic' character, the Ss ring 
could achieve appreciable stabihty from the conse- 
quent resonance energy. They further postulated that 
on opening the ring, the resulting chain might retain 
some of this resonance energy, and hence could account 
for the energy difference. 

An alternative sdew is that the distance 2-037 _4 
really represents a pure single S-S bond, and that 

those bonds which are longer than this are less than 
single. However, some support for believing the Ss 
molecule does possess some double-bond character can 
be found by considering the dihedral angles in this 
molecule. The average dihedral angle is 99 ° 16' while 
in the free polysulfide gTOUp, the average angle is 
c. 78 ° (Abrahams, 19541. Thus, in the ring, the dihe- 
dral angle has become much flatter, indicating a 
tendency towards planarity in the molecule, such as 
would be required for the postulated 'aromatic' 
character to become a maximum. 

The molecular constants of sulfur have also been 
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measured by Lu & Donohue (1944), using the method 
of electron diffraction. They obtained 2.07±0-02 /~ 
for the S-S bond length and 104 ° 50'+2 ° for the S-S-S 
bond angle. The disagreement between these results 
and the present values is probably not significant 
(Donohue, 1955), in view of the standard errors in the 
two determinations, and the limiting scattering angle 
at which the electron-diffraction data could be ob- 
served (q = 100°). 

I t  has been suggested* that  the S-S bond length 
measured in the present investigation might suffer 
from the same effect as operates on the C-C bond 
length in benzene (Cox, Cruickshank & Smith, 1955). 
Here, the bond length had been found to be 1.378/k, 
as compared with the spectroscopic value of 1.397 J( 
(Stoicheff, 1954). This shortening effect appears to be 
produced primarily by oscillations of the benzene 
molecule about its senary axis, in agreement with the 
highly anisotropic temperature factors in the benzene 
crystal at - 3  ° C. If a similar effect were present in 
orthorhombic sulfur, the S-S bond could appear to be 
reduced in length by a maximum of 0.008 A. 

The S-S-S bond angle of 107 ° 48'±25' is close to 
other recently measured values for this angle (Table 8). 
This angle hence appears to be rather insensitive to 
changes in the electronic structure of the bonds which 
form it. This bond angle may also be compared with 
the corresponding angle in the Se s molecule. In a- 
selenium (Burbank, 1951) it is 105.3±2"3 ° and in 
fl-selenium (Marsh, Pauling & McCullough, 1953) it 
is 105.7±0"8 ° . 

13. Comput ing  methods  

All structure factors (Table 9), least-squares analyses 
and triple Fourier series were computed on the 
International Business Machines 604 calculator and 
associated reproducer, tabulator, etc. In the methods 
used, developed in conjunction with the Office of 
Statistical Services, Massachusetts Institute of Tech- 
nology, trigonometric and exponential functions were 
evaluated by power expansions, and four-figure ac- 
curacy was maintained throughout. The double Fou- 
rier series were summed using Beevers-Lipson strips, 
subdividing the a, b, and c axes into 60, 60, and 120 
parts, respectively. The positions of the contour lines 
in Fig. 1 were obtained from the summation totals by 
graphical interpolation. 

* I am indebted to Dr W. N. Lipscomb (private communica- 
tion) for this suggestion. 

I t  is a pleasure to thank Mr J. R. Steinberg of the 
Office of Statistical Services, Massachusetts Institute 
of Technology, for carrying out all the calculations on 
IBM equipment, Dr L. R. Lavine for helpful discus- 
sions on weighting factors, Mr J. Kalnajs for prepar- 
ing the crystals, and Prof. A. R. von Hippel for his 
constant interest and support throughout this work. 
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